Abstract. We construct a minimal generating set of the level 2 mapping class group of a nonorientable surface of genus g, and determine its abelianization for g ≥ 4.
Introduction
Let N g be a non-orientable closed surface of genus g, i.e. N g is a connected sum of g real projective planes. The group M(N g ) of isotopy classes of diffeomorphisms over N g is called the mapping class group of N g . Let · be the mod 2 intersection form on H 1 (N g ; Z/2Z), and Aut(H 1 (N g ; Z/2Z), ·) the group of automorphisms of H 1 (N g ; Z/2Z) preserving the mod 2 intersection form. McCarthy and Pinkall [10] showed that the homomorphism from M(N g ) to Aut(H 1 (N g ; Z/2Z), ·) defined by the action of M(N g ) on H 1 (N g ; Z/2Z) is surjective. The kernel Γ 2 (N g ) of this surjection is called the level 2 mapping class group of M(N g ). In this paper, we construct a minimal generating set for Γ 2 (N g ), and determine its abelianization.
Lickorish [8] showed that M(N g ) is generated by Dehn twists and Y -homeomorphisms, and Korkmaz [7] determined its first homology group. Furthermore, Chillingworth [4] found a finite system of generators for M(N g ). Birman and Chillingworth [1] obtained the finite system of generators by using the argument on the orientable two fold covering of N g . The group M(N g ) is not generated by Dehn twists, namely, Lickorish [9] showed that the subgroup of M(N g ) generated by Dehn twists is an index 2 subgroup of M(N g ). On the other hand, a Y -homeomorphism acts on H 1 (N g ; Z/2Z) trivially, hence, the group M(N g ) is not generated by Y -homeomorphisms. In [13] , Szepietowski proved that (Theorem 5.5) the level 2 mapping class group Γ 2 (N g ) is generated by Y -homeomorphisms, and that (Corollary 5.6) Γ 2 (N g ) is generated by involutions. Therefore, H 1 (Γ 2 (N g ); Z) is a Z/2Z-module. Y -homeomorphisms are defined as follows. A simple closed curve γ 1 (resp. γ 2 ) in N g is two-sided (resp. one-sided ) if the regular neighborhood of γ 1 (resp. γ 2 ) is an annulus (resp. Möbius band). For a one-sided simple closed curve µ and a two-sided simple closed curve α which intersect transversely in one point, let K ⊂ N g be a regular neighborhood of µ ∪ α, which is a union of the tubular neighborhood of µ and that of α and then is homeomorphic to the Klein bottle with a hole. Let M be a regular neighborhood of µ. We denote by Y µ,α a homeomorphism over N g which is described as the result of pushing M once along α keeping the boundary of K fixed (see Figure 1 ).
We call Y µ,α a Y -homeomorphism. For a two sided simple closed curve γ on N g , we denote by T γ a Dehn twist about γ. Then T 2 γ ∈ Γ 2 (N g ). For I = {i 1 , . . . , i k } ⊂ {1, 2, · · · , g}, we define an oriented simple closed curve α I as in Figure 2 . For short, we define
The small arrow beside α I indicates the direction of the Dehn twist t α I .
Szepietowski showed the following. 
In this paper, we reduce the number of generators of Γ 2 (N g ), and show that it is minimal.
) is generated by the following two types of elements,
Corollary 1.3. When g ≥ 4, the set given in the above Theorem 1.2 is a minimal generating set for Γ 2 (N g ).
In Section 2, we prove Theorem 1.2 and obtain an upper bound for the dimension
Broaddus-Farb-Putman [3] , Kawazumi [6] (see also [12, Part V]), and Perron [11] constructed In Section 4, by using this homomorphism, we give a lower bound for the dimension of the Z/2Z-module H 1 (Γ 2 (N g ); Z). Since our lower and upper bound are equal (see Lemma 2.2 and Lemma 4.1), we obtain the following.
Since the dimension of H 1 (Γ 2 (N g ); Z) is equal to the number of our generators given in Theorem 1.2, we obtain Corollary 1.3.
2.
A minimal generating set for Γ 2 (N g )
In this section, we prove Theorem 1.2. We first fix some notation. For
and ψ = [g] ∈ M(N g ), we define a product ϕψ as the isotopy class
is represented by the closed curve following α at first and then following β.
Proof of Theorem 1.2. Let G be the subgroup of Γ 2 (N g ) generated by the elements (i) (ii) in the statement of Theorem 1.2. We will show that T 2 j,k,l,m ∈ G for any 1 ≤ j < k < l < m ≤ g. Let N be a regular neighborhood of
and one component of ∂N ′ is isotopic to B and the other
For simplicity, we set the notations
Then, by chain relation, we see (abcde)
By braid relations, we see, On the other hand, for each n = 1, j, k, l, m, there are two-sided curves β n intersecting α n transversely in one point and satisfy
Szepietowski showed Y αn,βn ∈ G in [14, Lemma 3.5] . Therefore, we see T 2 j,k,l,m ∈ G.
By the above argument, we can show the following two results.
Proof. At least one component, say N ′ , of N g − B is non-orientable. Since this surface N ′ is constructed from a disk by removing several disks and attaching several Möbius bands, we can show that T B is the square of the product of Y -homeomorphisms, by using the same argument of the proof for Theorem 1.
Proof. Since Γ 2 (N g ) is generated by involutions,
) is generated by
elements. Hence, the abelianization is also generated by
elements as a Z/2Z-module.
Let D ⊂ N g be a closed disk in the surface N g , and pick a point * in ∂D. We denote by M(N * g ) the group of isotopy classes of diffeomorphisms over N g fixing * , and by Γ 2 (N * g ) the level 2 mapping class group Ker(M(N * g ) → Aut(H 1 (N g ; Z/2Z), ·)). For i = 1, 2, . . . , g, let γ i ∈ π 1 (N g − Int D, * ) denote the element represented by a loop as in Figure 4 . The fundamental group π 1 (N g − Int D, * ) is a free group of rank g generated
. We denote by H the first homology H 1 (N g ; Z/2Z), and denote by C i ∈ H 
. In this section, we
ω ⊂ H ⊗2 is the submodule generated by ω. We also "lift" it to a homomorphism
First, we review the Magnus expansion. See, for example, [2] and [6] . LetT := ∞ m=0 H ⊗m denote the completed tensor algebra generated by H, and letT i denote the
subgroup of the multiplicative groupT . Define a homomorphism
by θ(γ i ) = 1 + C i , which is called the standard Magnus expansion. Denote by θ 2 :
the composition map of θ and the projectionT → H ⊗2 .
In the following, we denote by π = π 1 (N g , * ) and
Since π is the fundamental group of the surface N g , Ker(π ′ → π) is generated by {xrx
Hence, for any s ∈ Ker(π ′ → π), we have θ 2 (ys) − θ 2 (y) ∈ ω . Thus, θ 2 induces a map
As a corollary of [6, Lemma 2.1], we have:
The map
By Poincaré duality, we have
Since the level 2 mapping class group Γ 2 (N * g ) acts on H trivially, the restriction
Recall the forgetful exact sequence
where the map ι : π → M(N * g ) is so-called the pushing map. Note that ι(π) ⊂ Γ 2 (N * g ) since ι(π) acts trivially on H 1 (N g ; Z) . We can compute values of τ 1 as follows. For an integer n ≥ 2, let (H ⊗n ) Sn denote the S n -invariant part of H ⊗n .
Lemma 3.3. For i, j ∈ {1, · · · , g} and i = j,
In particular, we have
where (H ⊗3 )
Proof. When i < j, the diffeomorphism Y −1 i;j acts on π as follows.
Thus, we have
Therefore, we obtain τ 1 (Y i;j ) = S(C i , C i + C j ) when i < j.
When i > j, the diffeomorphism Y −1 i;j acts on π as follows.
In the same way, we also obtain τ 1 (Y i;j ) = S(C i , C i + C j ) when i > j.
Next, by [14, Lemma 3.3], we have
for i = j. Hence, we have
Finally, we consider ι(γ i ).
Proof. Let w 1 ∈ H 1 (N g ; Z/2Z) denote the first Stiefel-Whitney class. Define a M(N g )-
Then, we have
Therefore, we see that (H ⊗3 ) S 3 ⊂ Ker f , and the restriction map f | H⊗ ω is injective.
They imply that (H
By Lemma 3.3 and Lemma 3.4, we have:
Lemma 3.5. The map
S 3 with respect to the injective homomorphism
A lower bound
The goal of this section is to prove the following lemma, which gives a lower bound of the dimension of H 1 (Γ 2 (N g ); Z) as a Z/2Z-module.
By Lemma 2.2 and Lemma 4.1, we can determine the dimension of the Z/2Z-module
, and complete the proof of Theorem 1.4.
Let us denote H even = Ker w 1 . Define a homomorphism c :
Next, we consider Ker c. It is clear that (
In the same way, we have
Since the dimensions of Ker c and (H ⊗3 even ) S 3 are equal, we have Ker c = (
Proof. In the proof of Lemma 3.3, we have
On the other hand, we have
It shows
Thus, we obtain
The equation
implies what we want.
We can now prove Lemma 4.1.
Proof of Lemma 4.1. By Lemma 4.3, we have
The forgetful exact sequence π → Γ 2 (N * g ) → Γ 2 (N g ) → 1 induces the exact sequence
In particular, by Theorem 1.4 and Lemma 4.3, we obtain the following corollary.
Corollary 4.4. When g ≥ 4, the induced homomorphism
We give another definition of the mod 2 Johnson homomorphism in the same manner as original one given by Johnson [5] .
Proof. The exact sequence
induces the five term exact sequence between their homology groups with Z/2Z-coefficients. Thus, we have
Since we have
By Künneth formula, we have We obtain the same homomorphism as in Lemma 3.2 as follows. . Hence we obtain τ 1 (ϕψ)(α) = τ 1 (ψ)(α) + τ 1 (ϕ)(α).
In the same way as [5, Lemma 2D], we can also show that it is M(N * g )-equivariant.
